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Abstract 

We prove that the linearization of a germ of holomorphic map of the type F\(z) = X(z + 
0(z 2 )) has a C 1 -holomorphic dependence on the multiplier A. C 1 -holomorphic functions are 
C -Whitney smooth functions, defined on compact subsets and which belong to the kernel of 
the 8 operator. The linearization is analytic for |A| 7^ 1 and the unit circle S 1 appears as a 
natural boundary (because of resonances, i.e. roots of unity). However the linearization is 
still defined at most points of S , namely those points which lie "far enough from resonances", 
i.e. when the multiplier satisfies a suitable arithmetical condition. We construct an increasing 
sequence of compacts which avoid resonances and prove that the linearization belongs to 
the associated spaces of C -holomorphic functions. This is a special case of Borel's theory of 
uniform monogenic functions [5] , and the corresponding function space is arcwise-quasianalytic 
[11 J . Among the consequences of these results, we can prove that the linearization admits an 
asymptotic expansion w.r.t. the multiplier at all points of the unit circle verifying the Brjuno 
condition: in fact the asymptotic expansion is of Gevrey type at diophantine points. 



1 Introduction 

A germ of holomorphic diffeomorphism of (C, 0) 

+00 

F x {z) = \{z + Y J hz k ), (A G C*) (1) 

fc=2 

is linearizable if there exists a holomorphic germ tangent to the identity H\ (z) — z+X^2~ °° ^ k 
which conjugates Fx to the rotation Rx : z 1— » Xz namely 

F x oHx =H x oR x . (2) 

The derivative A of Fx at the fixed point z = is called the multiplier of F\. 

If A is not a root of unity there exists a unique formal solution to the conjugacy equation 
with coefficients hh, k > 2, determined by the recurrence relation 

k 

h *=AS=TTT5> E fc«x (3) 

j = 2 E e (z+y 

|e| = k 

where we follow the usual multi-index notation |e| = X/-=i ei - Note that hk G C(A)[/2, ••-,/&]- 
When |A| 7^ 1 Fx is always linearizable (by the classical Koenigs-Poincare theorem); never- 
theless the classical estimates on radius of convergence of Hx deteriorate as |A| — > 1. In the 
elliptic case, i.e. when A = e 27Tla and a G R\ Q , the linearization need not be convergent due 
to the contribution from small denominators in (J3J). After the work of Brjuno 3 and Yoccoz 
|16| we know that all holomorphic germs with multiplier A = e 2lTla are analytically linearizable 
if and only if a verifies the Brjuno condition B(a) < +00, where B is the Brjuno function (see 
the next Section for its definition and properties). 
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Let us normalize F\ asking that it is defined and univalent on the unit disk D. Then one 
can prove directly, using the classical majorant series' method and Davie's Lemma (see [3] 
[5]), that there are positive constants bo, Co (that do not depend on a) such that 

\h k \ < c e kiB{a)+bo) (4) 

where A = e 2nia , a G R and B is the Brjuno function^. 

The same estimate Q (with larger values bo and Co) holds uniformly with respect to A' in 
a cone with vertex in e 2, " a . Therefore for any e > we will be able to define a closed set C 
such that there exists p > such that 

(i) meas 2 (C \ C) < e and measi(C n S 1 ) > 2tt - e, 

(ii) for each A G C the linearization H\ is holomorphic and bounded onD p ={z 6 C : \z\ < 
P}- 

(Here measd, d G {1,2} denotes the d-dimensional Lebesgue measure). 

The construction of such a set is performed removingfrom C the union of suitably small 
connected open neighbourhoods around the roots of unitjQ and its detailed description can be 
found in Section [3,ll it will be evident from the construction that the radius p tends to as t 
tends to 0. 

Let us point out that the property (ii) above means that a uniform lower bound on the 
radius of convergence of H\ holds as A varies in C, even near the unit circle. The set C is sort 
of a "bridge" joining the two connected components of the set of parameter values considered 
in the Koenigs-Poincare theorem, crossing the unit circle at some values A = e 2nia with a a 
Brjuno number. 

We address the problem of studying the regularity of this map A i— > H\: we will prove 
global regularity results (see Theorem A below) and local regularity results (Theorem B). 

The global regularity results we prove are inspired by the work of Borel on uniform mono- 
genic functions [2J. Borel extended the notion of holomorphic function so as to include func- 
tions defined on closed subsets of C. His uniform monogenic functions (whose precise definition 
we recall and recast in modern terminology in Appendix B) can have, in certain situations, 
analytic continuation through what is considered as a natural boundary of analyticity in 
Weierstrass' theory. One of Borel's goals was to determine, with the help of Cauchy's for- 
mula, sufficiently general conditions which would have ensured uniqueness of the monogenic 
continuation, i.e. a quasianalyticity property (see [15] . [19] for a modern discussion of ths 
part). 

The importance of Borel's monogenic functions in parameter-dependent small divisor prob- 
lems was emphasized by Kolmogorov [S]. Arnol'd discussed in detail this issue in his work Q] 
on the local linearization problem of analytic diffeomorphisms of the circle (see [17) for a 
very nice introduction and for the most complete results on the subject). Arnol'd complex- 
ified the rotation number but he did not prove that the dependence of the conjugacy on it 
is monogenic. This point was dealt with by M. Herman [7] who also reformulated Borel's 
ideas using the modern terminology, Whitney's theory [18 on differentiability of functions on 
closed sets and the theory of uniform algebras of (analytic) functions defined on closed sets 
in the complex plane. It is Herman's point of view which was developed in [10] and which we 
will summarize in Appendix B, where we recall the formal definition of C 1 -holomorphic and 
C°°-holomorphic functions. Later Risler Q3] extended considerably part of Herman's work 
proving various regularity results under less restrictive arithmetical conditions, namely using 
the Brjuno conditon as in [T7] instead of a more classical diophantine condition. One should 
also mention that Whitney smooth dependence on parameters has been established also in the 
more general framework of KAM theory by Poschel [12] who did not however consider neither 
complex frequencies nor Brjuno numbers. 

In this paper we will extend the results of Herman and Riesler to the case of germs of 
holomorphic diffeomorphisms of (C,0). Our proofs will in fact be more elementary since in 
this case one can use a direct approach and the majorant series method applies (see, e.g. [5]). 

Let us point out that, although the linearization problem makes no sense for A = , 
nevertheless the recurrence © defines a function H : A t— * H\ which turns out to be well 

J It is known that there are different objects that are called "Brjuno function"; nevertheless for this estimate is 
quite irrelevant which one we choose, since the difference of two Brjuno functions is bounded by a universal constant, 
i.e. independent of a (see Section [2}- 

2 The property (i) can be realized just asking that the "size" of the neighbourhood of each root decays sufHcently 
fast when the order of the root increases. 
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defined and holomorphic at the origin: if we denote with JT = z + SfcS /fc^i so that 
Fx = then Hq turns out to be simply the inverse of JF : !Fo(Hq(z)) = z. In fact H can 
even be extended analitically at infinity just setting Hao{z) = z. Therefore we may consider H 
as defined on C U {00} which is a compact subset of P X C: this has an important consequence 
since it is proved in that the space of C 1 -holomorphic functions to which H belongs (see 
Theorem A below) is arcwise quasianalyti^\. 

Let us state the main results. In what follows we will assume the germ Fx to be of the 
form (0, defined and univalent on the unit disk D. For any p > 0, V> p := {z 6 C : \z\ < p} 
and 7i°°(D p ) will denote the complex Banach spaceof functions holomorphic and bounded on 
D p . 

Theorem A (Global regularity) For any e > there exist p > and two connected closed 
sets C* and C such that 

(a) C C C C V 1 C, meas 2 (C\C*) < e and meas^CnS 1 ) > 2tt - e 

(b) lfeOC,^(D p )) 
(b*) J ffGC h °S 1 (C*,H°°(D p )) 

As will be evident in Section 4.1, for any fixed value A = e 2lT%a on the unit circle with 
B(a) < +00 we can manage to build C* so that A £ C*. Therefore Theorem A proves that, by 
a suitable chioice of the set C* , one can extend H and all its derivatives at any Brjuno point 
on the circle and this leads to the existence of asymptotic expansions for the linearization H 
at Brjuno points. 

In fact we can prove that this expansion is quite regular at diophantine points: 

Theorem B (Local regularity) If ao is a diophantine poinQ with exponent to > 2 and 
Ao = e 2lTtaa , there exists p > such that for any pair of disks A - C D and A + C C \ D 
tangent to S 1 in Ao the map 

A+ U A- 9 A i-> H x e H°°(D P ) 

has a Gevrey^ro asymptotic expansion in Ao (we refer the reader to the beginning of Section 5 
for its precise definition, see especially (|30[) )■ 

We briefly summarize the content of the paper. In Section 2 we define the Brjuno series B 
and we prove several properties of its sublevel sets. Since B is lower semicontinuous it follows 
that the complement of any given sublevel set {x £ R, B(x) < t} is the countable disjoint 
union of open intervals. These intervals are "centered" at those rational values for which the 
finite version of the Brjuno series is bounded by the value t defining the sublevel set considered. 
The discussion of Section 2 prepares the ground for the definition of the domain C where the 
conjugation H : A 1— > Hx is C 1 -holomorphic. The proof of the C^ ol -regularity of H is the main 
result of Section 3 while in Section 4 we shall restrict the domain of H to a suitably chosen 
set C* C C to gain Cf^-regularity of the conjugation. The proof of Theorem A can be easily 
obtained gathering the results of Section 3 (Theorem[TJ and Section[4](Theorem[2]|. In Section 
[5] we introduce other arithmetically defined real Cantor sets which are useful to establish the 
Gevrey regularity of H as claimed in Theorem B. 

In the two appendices we recall some elementary properties of the continued fraction ex- 
pansion of a real number (Appendix A) and the definition of C 1 -holomorphic, C°°-holomorphic 
and monogenic functions (Appendix B). 

2 Geometry of the sublevel sets of the Brjuno func- 
tion 

In the following we shall always denote with a an irrational number; its continued fraction 
expansion will be denoted a — [ao, 01, 02, cln, ... ] where ao 6 Z and aj G Z+, j > 1, are 

3 A function space X is said to be arcwise quasianalytic iff the only function that belongs to X and vanishes on 
an arbitrarily short arc is the null function. 

4 Let us recall that an irrational number «o is diophantine with exponent to > 2 if and only if there exists 7 > 
such that for all p/q G Q one has |ao ~ p/l\ ^2 11~ T ° ■ 
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the partial quotients and Pj/qj = [ao,ai,a,2, —,ctj] is the j-ih convergent of a. If ao G Z and 
(ai, ajv) G (Z+) we denote 7(ao, ...aw) the set of real number whose continued fraction 
begins with the string (ao, ajv)- This set is in fact an interval and it is usually called the 
cylinder associated to the string of symbols (ao, ajv) (for more details and classical results 
about continued fraction expansions we refer to appendix A). 

To construct the domains on which we will prove the regularity of the conjugation we shall 
use the 1-periodic function B defined by the following Brjuno series 



fi(Q) . = -g logofc+i (qgR \ q)) B(r) = +oo ifreQ, (5) 

k=0 ^ k 

which is closely related to the classical Brjuno series (see [3]) 

+00 

In fact it is easily seen that 



+00 . 

lo g 9fc+i 



< B c i(a) — B(a) < ° — — < +00, (where Fk are the Fibonacci numbers). (6) 

fe=0 

The above inequalities show that the bound @ on the growth of the coefncents of the lin- 
earization, which holds for the classical Brjuno function, must be valid for the Brjuno function 
B as well (possibly choosing a larger value for the universal constant bo). We have chosen B 
instead of B c i because it has various nice properties: its global minimum is and is attained 
at the golden mean <f> := ^ ■ Moreover the set $ of all local minima of B is just the set 
of preimages of the golden mean relative to the Gauss map Q(x) — {1/x} (see also Lemma[2] 
below) : 

$:= : g (n) {<j)) = <f>o for some n G N}. 

Therefore to any element (p G $ corresponds a continued fraction expansion of the form 

<f> = [ao, on, 1, 1, 1, •■•] = [ao, ajv + <f>o\- 

In the sequel we will always use only B. The following lemmata will be useful to give a neat 
description of sub/super-level sets of the function B. 

Lemma 1 //i£l\Q and B(x) < +00 then for all e > exists a such that 
(i) a~ < x < a + and a + — a~ < e, 
(11) IBia^) -B(x)\ < e. 

Proof: Let x := [ao, ajv-i, ajv, ajv+i, ...]; fix N odd and such that 

1 +°° 1 

1 _ log a fe H 



< e, 



and set 

a + :— [ao, ajv-i, 2ajv + 0o], a" := [ao, ajv-i, ajv, 2ajv+i + < 
It is clear that a* G I(ao, ajv_i) hence by (|35|) in Appendix A 

PiV-l PJV-l+PJV-2, 1 , 1 



«~l < I- 



ajv-i giv_i + gjv-2 gjv-i(gjv-i + gjv-2) FnFn- 
On the other hand 



>^>£ (Q ±)_ £(,)>_ vi2i^±i> 



q.e.d. 
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Lemma 2 If x := [ao, ajv— 1, iiv, ffljv+i,---] is such that a2 n > 1 for infinitely many n E N , 
then for all e > £/iere exists a~ such that 

(i) x — e < a~ < x, 

(ii) B(a~) < B{x). 

On the other hand if for infinitely many tiEN a2 n +i > 1, i/ien /or e > i/iere exists a + 
such that 

(i) x + e > a + > x, 

(ii) B(a+) < B{x). 

Proof: It is enough to choose n big enough and such that a.2n > 1 and set 

Ct~ — [ao, 02n-l, 0,2n — 1 + <f>o], 

so that B{x) - B(oT) = - l0S ^~°f" ) + ES„ '° S ° L fc+1 > 0. With a similar trick one can 
determine a + . q.e.d. 

Lemma 3 The function B is lower semicontinuous. 

Proof: Let At := {x G R : B(x) > i}, (t > 0), denote the i-superlevel of the function 
B. To prove that B is semicontinuous it is enough to show that At is open for all t > 0. If 
> t and 5 = [a , ai, a 2 , ajv, ...] G R\Q then, for some N G N, £f =0 i25 ^ ±i > *• 
Hence B(x) > i for all x G /(ao, ...,ajv+i). A simpler argument settles the case x is rational, 
q.e.d. 

It is easy to prove that if V =]£~,£ + [ is an open interval with irrational endpoints and 
|£ + — £~| < 1 then there is a unique rational point p/q G V such that q < q for all p/q G 
V \ {p/q}; we will call the rational point p/q the pseudocenter of the interval V . Since B is 
lower semicontinuous we know that the complement of each sublevel is the countable union of 
disjoint open intervals with irrational endpoints. Each of these intervals will be labeled by its 
pseudocenter. 

In order to characterize the set Qt of pseudocenters of the connected components of the 
complement of the sublevel {B(x) < t} we introduce a finite Brjuno function (simply denoted 
by Bf) which is defined on finite continued fractions by the formula □ 

n—l 



B f ([ao,...,a n }):=J2^±± 



qk 

The following lemma gives an accurate description of each of the countable connected 
components of the t-superlevel sets At of the Brjuno function B and a precise characterization 
of the set Qt. 

Lemma 4 Let V =]£~ , £ + [ be a connected component of A t and let 

f := [oo,..,aiv-i, a N , a N+1 ,...], N > 1, a^ / a 



Then 
(i) B{(*)=t; 
(ii) 

a N ^2, a^ = a^ — 1, a^r +2 fc = 1 Vfc > 1, a~^ +2k+l = 1 Vfc > 0, if N is even; 

a N — 2, a tr = a jv ~ li a N+2k = 1 Vfc > 1, a jv+2fc+i — 1 Vfc > 0, if N is odd. 

(Hi) The pseudocenter p/q ofV satisfies 

p/q = [ao, a.N-1, a^] = [a , ajv-i, a^, 1], B f ([a , ajv-i, a^])<t, if N is even; 

p/q = [a ,—,aN-i, a%, 1] = [a , — , ajy_i, ajf], B f ([a ,...,a N _ 1 , a~])<t, if N is odd. 



5 The choice of defining Bf on finite continued fractions instead of Q avoids the ambiguity which arises from the 
fact that each rational number admits two different continued fraction expansions, see the Remark below the proof 
of Lemma 4. 
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(iv) If p/q € V is a convergent of either £ + or £ and p/q ^= p/q then 

p/q= [oo,...,ajv-i, a N ,...,a D ,l], 

(where D is odd if p/q is a convergent of £ + and even if it is convergent of £~ ) and 
Bf([ao, ajv-i, a N , a D , 1]) < t but B/([oo, ajv-i, a N , + 1]) > t. 

(v) If p/q £]p/q,£ + [ and p/q is not a convergent for £ + i/ien exists p'/q' convergent of £ + 
sucft </iat p/q < p'/q' < f; + and q' < q. Moreover, the value of the finite Brjuno function 
exceeds t on both the continued fraction expansions of p/q. A similar statement holds in 
case p/q ,P/q[, the only difference being that this time p/q > p'/q' > £ _ . 

(vi) If p/q = [bo, 6jv], with bM > 1, is a rational number such that Bf([bo, 6jv]) < t, then 
p/q is the pseudocenter of the connected component of At which contains it. 

Proof. In what follows we will only consider the case N is even since the case TV odd is 
symmetric. 

(i) { ^ At implies B({ ) < t, on the other hand it cannot happen that B(( } ± ) < t because 
otherwise, by Lemma [T] one could find points in At on which the value of B is strictly less 
than t which is absurd. 

(ii) Let pN-i/qN-l = [ao, • ojv-i] be the last rational which is a convergent of both f 
and stays outside the interval ]£~,£ + [. Then: 

a N > a„ + 1, (7) 

££ <r <?»±i<4<£ + <^. (8) 
Qn Qn+i In 9^-! 

Setting 4> := [ao, aw-i , a^ — 1 + </>o], since £ + > 0, and 6(0) < £>(£ + ) < i, we get that 
£ _ > Hence a^ > a^ — 1, in fact by |(SJ equality holds. 
If, by contradiction, a^ +2k > 2 for some fc > 1, setting 

<j) := [a , ajv-i, a^, a^ +2fc — 1 + 0o] 

we would get £ - < <f> < £ + while B(4>) < B(£ + ) < t which is impossible. An analogous 
argument shows that a^ +2fe+1 = 1 for all k > 1. 

(iii) Let p/q := [ao, •-, a-N-i, ^trl- ^ P/9 £ is a rational number and p/q ^ p/q, then 
either p/q £ /(ao, ffliv-i, aJv) or p/q £ /(ao, ajv-i, — 1, 1), and in both cases q > q. 

(iv) If p/q is a convergent of £ + , and p/q =fc p/q, then p/q €]p/q, £ + [ and 

p/g = [a ,...,a,N-i, a%, .», o(iv+2d-i> !]> (d^ 1 )- 
Moreover, S/([ao, ajv-i, fltjy-, ••■> a jv+2d-i; 1]) — O n the other hand, since 
[oo,...,aw-i, a^, ...,a^ +2ti „ 1 + 1 + 0o] £]p/q, p/?[c4 

it follows that 

B f ([a , .., ajv_i, a^, a^ +2d _ 1 + 1]) = B{[a , .., a^_ x , a£, a^ +2d _ 1 + 1 + O ]) > t. 

If p/q is a convergent for £~ the argument is symmetric. 

(v) For p/q £]p/q,£ + [, and p/q not a convergent for £ + , let [ao, ajv-i, a^, ■••,a^ +2d ] 
be the last convergent smaller than p/q, thus p/q = [ao, ajv-i, a^, a^ +2d , 6i, ha] 
with H > 1. We claim that the rational p'/q' = [ao, .., ajv-i, a^, a^ +2d , ajv+ 2 d+i + 1] = 
[ao, ajv_i, a^, ...,a^- +2d , ajv+2d+i, 1] is the convergent we are looking for. Indeed, by 
(i) p'/q' is an even convergent and by assumption p/q < p'/q' we deduce that [&i,...,6h] > 
a N+2d +i + 1, hence &i > ajv +2d+ i + 1. 

Therefore 

Bf([ao, .., ajv-i, a^, .., a^ +2d , 6i, .., &#]) >B/([ao, -, ajv-i, a^, a^ +2d , ajv+M+i + 1]) > t, 

the last inequality being a consequence of (iii). If p/q £]£~,p/q[ the proof can be carried over 
following the same argument. 

(vi) This is a straightforward consequence of the previous statement. q.e.d. 
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Remark: B : R/Z — + [0, +00] is surjective. 

Remark: From now on, if r 6 Q, by Bf(r) we will mean the finite Brjuno function evaluated 
on the continued fraction expansion of r which does not end with the figure 1. By (vi) of 
Lemma [1] the set Q t defined by 

Qt := {r e Q : B f (r) < t} (9) 
is precisely the set of all pseudocenters of the connected components of At- 

By this characterization it is clear that if t > to then Qt D Qt ■ It is also interesting and 
important for the sequel to analyze the process of disintegration of the connected components of 
At; more precisely let p/q £ Q tQ and , Q~[ be the connected component of At of pseudocenter 
p/q: the function 1 1— > £j — £<7 is decreasing and has jumps exactly at those values of t which 
are image under B of local minima in , £^ [. 

Proposition 5 If t > 2ta then all convergents of belong to Qt ■ 

Proof. Indeed, if p/q is such a convergent (which is not the pseudocenter of ]£r , ^ [), then 

_± 



p/q = [a , ...,a N -i, a N , a D , 1], 
where D > 1 is 



odd for £ , 
even for £~ . 



Note that, since max(aj,, a N ) > 2, we have that 

t >m ax (B(e),B(C))>—- 

qN-i 

So, assuming for the sake of simplicity that p/q is a convergent of £ + and dropping the 
superscript +, we can readily check that B/([ao, ajv, an + 1]) < t, which implies that if 
p/q G Qt : 

„ . in ^logOfc+i log(a g + 1) ^ logafc+i logll + a^ 1 ) 



9fe rr^ 9fe 3x5-1 



< t + < 2t < t. 

qN-i 



q.e.d. 



Let M > be fixed. Let V* be a connected component of Am and let V be a connected 
component of A$m contained in V* . By the previous remarks we have 

V*=]a",a + [, with B(a ± ) = M, 
V=]CC + l with Z3(C ± ) = 3M. 

We now shall establish a lower bound for the quantities \a + — £ + | and \a~ — C~l- As usual 
we will carry over the caculations only for the bound on \a + — the other case being 
analogous. Set a + := [a , a N , ...], ( + := [c , c N -i, c N ,c N +i, 1, cjv+3, 1, — ] and let 
p/q = [co, cjv-i, cjv] be the pseudocenter of the interval we will distinguish the 

following cases: 

Case A: p/q is a convergent of a + as well 

In this case at — Ck for all 1 < k < N. Setting (j> :— [ca, .., cjv-i, cat, 2cjv+i, 1, 1, 1, 1,...] 
it is immediate to check that p/q < </> < £ + and hence B((f>) > 3M. Since 

jv— 1 

logCfc+i log2cjv+i „, + . log2cjv+i , , log2cAr+i 



Qk qN qN v , 

it follows that 2cjv+i > e 2MqN and so 

1 2e' 2Mq 
\C -p/q\<^-^<^-^~ (10) 
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Since B(a + ) < M, we get log(ajv+i ) < M and hence a N+1 < e MqN . So 



1 

2a N+1 q 2 ~ 2q 2 



Using ([TO]) and (fTTj) we gain 



and 



a + _ C + > a + _ p /g _ (C + _ p/(z) > £_ ( i _ 4e - A ^), 



a + — C + > - — tt- holds as soon as q > 5,^ (12) 
s ~ 4q 2 M y ' 



Case B: p/q is not a convergent of a + 

If p/q is not a convergent of a + then there is some convergent r/s of q + such that 

p/g < r/s < ct + and s < q, 

hence 

e -A/ s e -M, 



« + - C + > « + - r/s > — — - > 



2s 2 ~ 2q 2 

The same estimates hold also for \a~ — so, putting together the cases A and B we gain 
the following lemma 

Lemma 6 There exists a positive constant vo such that if V is a connected component of 
Asm, p/q is the pseudocenter ofV, f € dV and B(a) < M one has 

-Mq 

|a-CI>^o^^. (13) 

q 

Proof. The proof is straightforward: it is sufficient to note that the results above imply 
that ()13|) holds with vq — 1/4 for all but finitely many connected components of At. Therefore 
choosing vo sufficiently small we establish that (|13|) holds with no exceptions. q.e.d. 



3 C -holomorphic and monogenic regularity of the 
conjugation 

The main result we shall prove in this section is that H G C\ a i (Cm ; 7i°°(D p )), where Cm is a 
set obtained removing from the complex plane C the union of tiny neighbourhoods of the roots 
of unity while p > is suitably chosen. Let us begin describing the "domain of regularity" 
Cm- 

3.1 Domain of regularity 

Let re G]0, 1[ be fixed; if V =]£ + > £~ [ is an open interval in R/Z we shall call K-diamon^ on V 
the set 

A := {z e C/Z : C < &(z) < C + and \Q(z)\ < re min(5t2 - C , C + - 

Let M > be fixed. Let Qm be the set of pseudocenters of connected components of the 
open superlevel Am of the Brjuno function and let A(M,r) be the diamond on the connected 
component of Am containing r; it is then easy to check that 

Sl M := (J A(M, r) 

is an open neighbourhood of Q/Z in C/Z. Hence Km := (C/Z) \ Qm is a closed set which 
does not contain any rational number. Moreover it is straightforward to check that any of 
diophantine sets DC(-y, r) := {a G R/Z | |a — p/q\ > 7 / 'q~ T Wp/q G Q} is contained in some 
Km for M sufficently large. Since for any fixed r > 2 measi(R/Z \ DC(^y, r)) — > as 7 — > 

Or, simply, diamond, since we shall not play with different values of k. 
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it follows that meas2(C/Z \ Km) — > as M — > +00. It could also be proved (see 
that meas^M) > for all M > and in fact each point x £ Km either is isolated (in the 
exceptional case when a; is a local minimunm for the Brjuno function) or x is a point of density 
for K M - 

Let exp* : C/Z — > C* be defined as exp*(£) := exp(27ri£). For d > we define Sd '■= {C £ 
C/Z : |S?(C)| < d} the strip of height 2d around the real axis and the annulus exp # (Sd) := 
Ad- We point out that the restriction exp* : Sd — » Ad is a covering map and locally a 
biholomorphism, hence by compactness there exists n > 1 (depending on d) such that 

tT'IC-C'I < |cx P # «)-exp#(C')l <77|c-C'l VC,C'eS d . (14) 

The set Cm := exp # (_KA/)U{0, 00} is the domain on which the conjugation H will be "regular" . 

Proposition 7 There exists a universal constant bi such that for all values of the multiplier 
A £ Cm the power series expansion of the conjugation 

+00 

H x {z) =J2hk(X)z k (15) 

has radius of convergence at least e~ l ~ AI+bl ' > > 0. Moreover maxAgc M l^fcMI — e' M+ftl ' fc . 

Proof: We point out that for any fixed d > 0, if A ^ Ad then no small divisor occours in 
the recurrence (J3| and the thesis is a straightforward consequence of the classical majorant 
series method. Nevertheless the estimates we get depend on d and deteriorate as A approaches 
the unit circle. Therefore we only have to check the statement when A is in some annulus 
around the unit circle. For this reason in the following we fix d > and we consider only those 
values of the paramenter A which can be written as A = e 27 "^, £ 6 Km, < d. We can 
associate to any such £ a point £0 £ Km H R in the following way: £0 := if ^ Am 
while, if Sft(£) belongs to the connected component of Am, we shall choose £0 to be 

the nearest point to 5f(£) among the two values £ + or we define also Ao = e 2n ^° . 

In this way we can easily check that 

|A*-1| >*|A$-1|, VA € Cm, 

where S := min(e~ d 7;~ 2 (l + kT 2 )~z , — I — ). By the recurrence relation ((3j we get that 

|ft fc (A)| < 6- k \h k {X )\. (16) 

By the Brjuno estimate (see also [5] for its proof) we deduce that for all Ao £ Cm HS 1 the 
radius of convergence p(Ao) of the series H\ (z) = Y^k=o hk{Xo)z k satisfies p(Ao) > e~' M+i>0 ' > 
0. So, by (|16p . we get that for all A € Cm D Ad the radius of convergence of series H\[z) = 
T,t=o hk(X)z h is greater than 5- 1 e - (M+f, ° ) . q.e.d. 

From now on we set d := k/2, so that A(3M,p/q) C Sd for all p/q € Q and rj will be the 
constant appearing in (|14[) relative to Sd- 

Lemma 8 Let p/q £ Q, A(3M, p/g) be the diamond on the connected component of the 
superlevel Asm containing p/q and let D(3M,p/q) := exp # (A(3M,p/g)). Then, if X € Cm 

P -Mq 

d(X,dD(3M,p/q)) > vi— 5- , 
<T 

where v\ 



1 



Proof:Let A = e 1110 , a £ -Km, we immediately get 

- Mq 

d{X,dD(3M,p/q)) > r) d(a, dA(3M,p/q)) > vi^-, 

q 2 

where the last inequality follows from Lemma [5] together with an elementary geometrical 
argument. q.e.d. 
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3.2 C^-regularity 

With a slight abuse of notation let us set H k := maxAgc 3M |/ife(A)|; we know from Proposition 
[7] that the series ^H k z k has a positive radius of convergence bounded from below by po : = 
e -(3M+6!) rp ne mam resu it in this section is the following: 

Theorem 1 Let p G]0, e~ po[. Then the map h : X >— > H\ belongs to the space of functions 

We already know that, by virtue of Proposition 

+00 

H x (z) = ^^(A) 2 fc (17) 
fc=i 

has positive radius of convergence for A G Cm, moreover each of the coefficients hk, defined 
by the recurrence relation (|3}, is a rational function in the variable A and is holomorphic away 
from the roots of unity of order strictly less than k. 

In order to prove the theorem we shall show that the series (|17|) is normally convergent in 
ChoiiCu; H°°(D P )); and this will be a straightforward consequence of point (iii) of the next 
lemma: 

Lemma 9 There exists a positive constant L > 1 such that 
(i) \h' k (X)\ < L(l + k 4 )H k e 2Mk VA G Cm 



MAi)-MAo)_ fc , (Ao) 



< 2L(1 + k 4 )H k e 2Mk VAi, A G C M 



(H) s > 

Ai — Ao 

fmj ||ft*(A)«*|| c i ol(0j# .„- (Dp)) ^(l + fc 4 )^ 2 ^)*. 
Proof: 

From now on r will always denote a rational number and ord(r) := min{n G N* : nr 6 Z}; 
moreover we use the following notation: 

Q fc = {r G Q : ord(r) < k}; D r := exp # (A(3M, r)); , . 

Sa :={r£Q : S/(r) <i}nQ t ; 1 8J 

Since ftfc is a rational function with poles located on the roots of unity of order less than k 

ft fc :=exp # (Q fc )C (J D r 



For any _R > |A| we get, by Cauchy formula 

_ MO^ , i /■ MO 

9.7ri /„„ 



r(=o 2?rJ ^so r C - A 2vn y ai 



C-A 



d{. (19) 



In fact, letting R — > +oo, we realize that the term J 9D d£ must vanish; hence in the 

following we will always neglect this term. We can wrtite the integral representation both 
for the derivative of h k and for the Taylor remainder R2(hk, Ao, Ai) := hk(Xi) — h k (\o) — 
hfc(Ao)(Ai-Ao): 



|(A 1 -A )- 1 ii 2 (/i fc ,Ao,A 1 )| = V -L /" 
So we get the estimates 



3D, 



(C-Ar)(C-A ) (C-Ao) 2 



(21) 



\h' k (X)\<^ d(\,dD s )- 2 f \d{\, (22) 

\(Xi-X y 1 R 2 {h k ,X ,X 1 )\<^ V 2d(X,dD s y 2 [ \d£\. (23) 
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Lemma [6] gives an upper bound on the term d(X,dD s ) 2 

f \dC\ < V [ \dz\ < 2?7(1 + ^ 2 ) 1/2 |l/ s | for s £ Q 3M ,k. 
Jd 3 Ja s 

Since E s6 Q 3Mifc 1^1 < 1 we finally get 

\K(X)\ < g [ 2r / (l + K - 2 ) 1/ ^r 2 fc 4 e Mfc ], 

|(Ai - A )~ 1 i? 2 (/i ft ,Ao ! A 1 )| < —[277(1 + K - 2 ) 1/2 Vi 2 k*e Mk ]. 

n 

The thesis follows choosing L := max{l, ^(1 + n~ 2 ) 1, ' 2 u^ 2 }. q.e.d. 

3.3 Monogenic regularity. 

We refer the reader to Appendix B for a more detailed treatment of monogenic functions. 
Let us choose an increasing sequence of positive values Mj such that lim Mj = +00 and set 
Cj := C Mj . 

Consider the Banach space B e = nJ =0 C£ o! (Cj , H°° (B^ ) ) , where rj = e~ (3M ^ +bl with the 
norm ||/||b^ = max <j<i WfWc^^c^n^OOr.))- Clearly the injections it : Bt ^ B1-1 are 
bounded linear operators between Banach spaces with norms ||i^|| < 1. The projective limit 
of the system of Banach spaces 

M{(C e ), C{z}) ^Ihn B e 

is a space of monogenic functions with values in the holomorphic germs C{z}. This is a Frechet 
space with the family of seminorms (|| • ||s f )f6N- 
Thus Theorem [1] has the following corollary 

Corollary 10 Let (Ci) be as above. Then the linearization H belongs to the space M((Ce), C{z}) 
of C{z} -valued monogenic functions. 

4 Higher regularity 

Using the Cauchy formula (|19p we get an integral representation for the m-th derivative of h^ 
as well: 

fcj>0(A)= Y —[ -, hki ?^ dC. (24) 

It is quite easy to see that, if we just followed the same lines of the previous section, in order 
to gain C™ a i regularity we would have to shrink the radius p of the disk D p and trying to prove 
that h is C°°-holomorphic would lead to a disk of convergence of radius zero. 

To avoid this problem we use an idea of |13| : we will prove that h g C^;(C*, TL°° (Dp)) for 
some p > 0, where this time C* will be somewhat smaller than the set Cm considered in the 
previous section. 



4.1 Construction of the domain C* 

Let (M„) n gN be a decreasing sequence such that M n — > as n — ► 00 and define the set 

+00 . 

K( M ) ■■= {x e R/Z : Y fc+1 < M n Vn G N}. 

k — n 

Of course K^ M ^ C Km for M = Mq and it is not difficult to check that K( Mn ) is compact in 
R/Z. It is clear that K( Mn ) 7^ and it is possible to choose M„ — > such that me&s(K( Mn j) > 
0: in fact for all r, 7 there exists M n — > such that Kt Mn \ D DC(7, r) (see also SectionJSJ. As 
before, we define A* := (R/Z) \ K* M ^ and we denote with Q* the set of all pseudocenters of 
the connected components of A* . We now have a list of technical lemmata that will be useful 
later on. 
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Lemma 11 There exists a function Q : N — + R such that if a := [ao, a n , ...] G K* Mn ^, and 
Pn/q n = [ao,---, a n] is the n-th convergent then F n < q n < Q n (where F n are, as usual, the 
Fibonacci numbers). 

Proof The sequence Q n denned by the recurrence 

Qo = l, 



Qn+i = e MnQn Q„ + Qn-i, 
does the job. q.e.d. 

Next lemma is almost a clone of Lemma U 
Lemma 12 Let V =]a~ ,ct + [ be a connected component of A* and let 

a := [ao,-, o»-i, a N , a N+1 ,...], N > 1, a^ / a^. 

Then 
(i) 

a tj ^2, a~^ = a^ — 1, a^- +2 fc = 1 Vfc > 1, a iv+2fc+i = 1 Vfc > 0, if N is even; 

a^ > 2, a+ = a~ - 1, a^ +2fc = 1 Vfc > 1, a+ +2fc+1 = 1 Vfc > 0, if N is odd. 



(ii) There is a unique rational number p/q which is a convergent of both a ± ; p/q is the 
rational number with lowest denominator in V* (it is then the pseudocenter of V* ) and 

p/q = [a , ajv-i, djv] = [ao, — , ajv-i, a^, 1], S/([oo, — , ajv-i, a^]) < M , if N is even; 
p/q=[ao,—,aN-i, ajv, 1] = [ao, — , ajv-i, a^}, Bf([a ,...,a N -i, a^[) < M , if N is odd. 

(Hi) If p/q £ V* is a convergent of either ct + or a~ and p/q 7^ p/q then 

p/q = [a ,...,aN-i, a N ,...,a D ,l] 

(where D is odd if p/q is a convergent of a + and even if it is convergent of oT ). 

(iv) If p/q €[p/q,a + [ and p/q is not a convergent for a + then exists p'/q' convergent of a + 
such thatp/q < p'/q' < a + and q' < q. A similar statement holds in casep/q £]a~ ,p/q[, 
the only difference being that this time p/q > p'/q > a - . 

(v) Any convergent of a is a pseudocenter of some connected component of Azm (hence 
belongs to Q.zm ). 

Proof: We just sketch some details, since the whole proof of (i)-(iv) is just a repetition 
the arguments of Lemma [4] while (v) follows from the same argument as in Proposition [5] 
Let V* = (a~,a + ) be a connected component of A* and let f be the pseudocenter of V* . 
Write f = [ao, ajv] with on > 2 and assume, just to fix ideas, that N is even. Letting 
r~ := [ao, ajv-i] and r + := [ao, ajv — 1], it is readily checked that ord(r ± ) < ord(f) and 
r~ < f < r + , hence, by the minimality of the order of f, V C (r~ ,r + ). On the other hand, 
for any fixed n G N, the expression 

£+00 i°ga fc+ i attaing itg 

minimum value on the interval 
(f, r + ) at the point (j> + [ a o, ajv + <^o] while the minimum value on (r~, f) is attained at 
<f>~ := [ao, a]v — 1 + 4>o]- This implies that (a - , a + ) C (<f>~ , (f> + ) and f — [ao, ajv] is a 
common convergent of both at . 

q.e.d. 

Let fc G N be fixed, r G Q* n Q fc (recall the definitions (JTHJ) and let V* =]a~,a + [ be the 
connected component of A* with pseudocenter r. Let us define 

s + (fc,r) := max{s G Q fc n]a",a + [}, s~(k,r) := min{s G Q fc n]oT , a + [}. 

By virtue of (iv) of the previous lemma s + is a convergent of a + , while s~ is a convergent of 
a~ therefore, by (v) of the previous lemma, both s belong to Q.3M ,k- Let 
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Note that if r G Q* D Q k then ord(r) < q(k, r) < k 

Thus, if s 6 Q.3M ,k (~l V* and V s is the connected component of A%m q of pseudocenter 
s = p/q, we have that 

d(a,dV s ) > d(a,dV s ( ktr )). 

The first part of next lemma is just Lemma [6] the second contains the extra information 
we shall need to prove that h is C^ oi . 

Lemma 13 1. Let s G Q.3M a an & be the connected component of pseudocenter s =p/q, 
then 

g-A/ 9 

d(a, dVs) > vq — 5 — , Va€K( M ) 
qz 

(where uq ts a constant independent of s). 
2. Let n, k G N, V* =]a~ ,a + [ be the connected component of A* with pseudocenter r and 

log 8 
M 



assume that q(k,r) > max{Q n , If s G Q,3M ,k n V* then 



d(a,dV a ) > Vq G K*(M n ). (25) 

Proof: We just have to prove the second statement; for sake of simplicity let us assume 
that s(k,r) = s + (k, r), the other case being analogous. If s G Q.3M , k H V* then 

d(a,dV s ) > d(a,dV a(k}r) ) > d(a + , dV s+(ktT) ). 

Setting V 3 +( fc r - ) s + (k,r) := p/q (so that q = g(k,r) > Q n ) we can repeat the 

argument of the end of subsection 13.11 



P -M n q -2M q -M n q p -M n q -M n k 

!« + -C + ! > |a + -^|-|^-C + ! > V2 2^—- > £-^[l-4e- MM ] > i_ > . 

q q 2q 2 q 2 2q 2 4g 2 Ak 2 

q.e.d. 

If n G TV is fixed and k > i|J^ ; the following decomposition shall be useful Q* = Q* (fe, n) U 
Qo(fc, n) where 

Ql{k,n):={r£Q* :q(k,r)>Q n }, Ql(k,n) := {r e Q* : q(k,r) < Q n } (26) 

Let k G]0, 1[ be fixed and let us carry over the construction of subsection 13.11 if V* is a 
connected component A* and A* is the K-diamond over V* we call 

: = u a: 

it is then easy to check that £1* is an open neighbourhood of Q/Z. 

The closed set if* := (C/Z) \ f2* is connected and does not contain any rational number. 

The set C* := exp*(if*) U {00} will be the domain on which the conjugation will be 
Whitney smooth. 

4.2 Proof of the regularity 

As before, let H k := ma,x\£c 3Mo l^fcMI, an d let po = e~^ 3M ° +bl ' be the radius of convergence 
of Y. H kZ k . We are now able to show that h G C™ ol {C* ;H°° {V> p )) for every p e]0,e~Vo[- 
Theorem 2 For all n, m G N there exist constants L m , A mi „ satisfying 

1. max |/4 m) (A)| < L m k 2m+2 H k e h , VA G C*; 
Aec* 1 * 

2. sup l^ + l^, Ai, Ao)[ , < ^ fc2TO+ 2„ +2gfcefc; VA£C% 
Ao.AiSC* |Ai-A | n 



R n+ i(f, Ax, A ) := /(AO - ]T frp (Ao)(Ai - A ) 
is the Taylor remainder of order n + 1. 



7 ! 
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Before plunging into the proof let us remark that the theorem implies h £ C^j (C*;H.°° (D p ) ) 
as soon as p G]0,e _1 po[; indeed, (1) and (2) imply that the series^^j h k (\)z k is normally 
convergent in CZi{C*\ H°° (D p )) for all m G N. 

Proof We have already seen that 



»62 3 M ,t 

hence 



l4 m) 



W\<H k ^ f CC*)- m - 1 |rfC|. (27) 



Moreover we can write down an explicit expression for the Taylor remainder of <j>((\) 

(C-A)" + 1 : 

i? n (0 C , Ai, A ) = jr r + n - 1 ) (c - \i) k - m -\c - \ y n - k (\i - Ao) n , 

fc=0 V / 



and we shall use the form 

Rn+i(4>Ci Ai, Ao) = R n {4>c Ai, Ao) — -(Ai — Ao) n 

= (Ai - Ao) n 
On the other hand, 



^"'(Ao), 



£ ( ft + » - 1 j (c _ Al )^-™- 1(C _ Ao) — fe - ( m + n ) ( C 



i?„ +1 (^ m) , Al ,A ) = Y, ^Tij ' MC)ftn-i ( (c _i )m+ i - A '^) d C- 



3 M , ft 

m fk-\-n — 1\ 



Using the bound |C - A*] > d(C, C*) (i = 0, 1) and the identity XT=o ( * ) = Cm") we S et 
\Rn+x{h\. m \ Ai,A ) | m\fm + n\ ^ f . » m _„_i. 



|Ai-Ao|™ " 2jt\ m , 



: E d(C,C7-)— VCI. (28) 



no 



By virtue of (|27[1 and (|28|) the proof of the theorem boils down to the following lemma 
Lemma 14 

S(k,i):= I d((,CT e \d(\<C(e)(l + k 2e )e k . 

Proof [lemma] First we split the sum as follows 

S(M)=£ I d((,C*)- e \dt\. (29) 

res* seV*nQ 3Moik JdD > 

Again 

d{dD s ,C*) > 77 _1 d(9A s , Kd) > ^(l + fc- 3 )- 1 / 2 ^^,^*) with 971 = 77(1 + £T 2 ) 1/2 . 
On the other hand, if s £ V* n Q3M ,fc then d(<9V s , if*) > d(9V s ( rifc ) , K*). Since 

d((,C*y e \dC\ < vU(dV s(rth) ,K*)- e ( \<K\ < 2 v e 1 +1 d(dV 3(r , k) ,K*y e \V a \ 

SD 3 JdD B 

and 

E \v.\ < \v;\ 

s£V*nQ 3Moik 

the following estimate holds 

[ d(cc*)- e \d(\ < 2 V i +1 d(dv air , k) ,K*)- t E \ V '\ 

< 2r)[ +1 d(dV s(rtk) ,K*y e \v;\. 
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Now we fix n big enough so that it satisfies M n ■ I < 1 and Q(n) > -jjf^. We get the following 
estimates 

{ ^-p— if r g Qi(fc,n)- 

Since Q* = Qo(fc, n) U Q*(fc, n) (see notation in the previous section) we can split the double 
sum on the right hand side of (|29p and get the estimate 



S(k,i) < 2n[ +1 



Vo l Qle MolQn \ £ |K| +4fc 2 V f "" ]T W 

\reQ5(fc,n) / \reQ*(fe,n) 

< Co(n^) + C*i(£)fc 2 V. 



This ends the proof of the lemma. 



q.e.d. 



5 Gevrey regularity on Diophantine points 

Let Tt be a Banach space and let Q TO (Xo,Tt) be the vector space of all 'H-valued functions 
h for which there exist two (disjoint) open disks A* tangent to S 1 at Ao, a formal series 
^2 k>Q CkA k £ Tt[[A]] and positive numbers 61 and 62 such that the function h is holomorphic 
in A + U A - and it has a Gevrey- to asymptotic expansion at Ao, i.e. 

AT-l 

ViV > 0, VA g A+ U A", ||%) - J2 C "( X ~ A °) fc H ^ 6 i & " r (l + Nr )\\ - AoT, (30) 

fc=0 

where F is Euler's Gamma function. 

In the following we shall slightly change our notation and set H(X,z) = H\(z). It should 
be clear that Theorem B is a straightforward consequence of the following proposition: 

Proposition 15 Let ao £ DC(to,7o) be a fixed diophantine number and let Ao = e 2 ^ 1 " . 
Let A* be a pair of disks which are tangent to Ao, A + C D, A - C C \ D. Moreover let 
pe (0,e"Vo) and Tt = H°°(Bp). Then 

(a) H € C^,(A+ U A-, H°°(Dp)) (hence H is holomorphic on A+ U &T). 

(b) There are constants 61, b-2 such that 

N—i 

ll-ff-E^ a W°'-)(A-Aoy||K<M^r(l + roiV)|A-Aor vAei* (31) 

5.1 More Cantor sets related with the diophantine condition 

In order to prove Proposition [15] we shall use just a few definitions and results from the paper 
[TUpl . For r > 2, 7 G (0, 1) let 

Ky.r := € (K \ Q)/Z : Vfc > q k+1 < ^ql' 1 }; 

It is readily seen that K ltT is a compact subset of R/Z and 

%t)C^CD(J,t) (32) 

(see also A3. 2 in [10]). The proof of the following proposition can be found in [10] (Proposition 
2.2). 

Proposition 16 . 

1. Each connected component of (R/Z) \ A' 7iT contains a unique rational number 

p/q which is a convergent of both endpoints £ . We shall call such convergent p/q the 
pseudocenter of the component We shall denote Qj, T the set of pseudocenters 

of all connected components of (M/Z) \ K-y, T - 

7 Let us point out that we do not stick to the notation used in 1101 : in particular we shall call u K-y tT " the set 
that in |10| is called C^, T . 
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2. %q- T <\e- E q \<2jq- T - 

Let us remark that, if a € K JtT then q k +i = a k+ iq k + qk-i < 7~ 1( i ,T ~ 1 an d hence a k+ i < 
j~ 1 q T ~ 2 . From this information we get not only an a priori estimates for B(ct) but also 



£^<(io g7 -) E l + (.- 2)E 



log q k 



qk t 9fc t qk 

k — n k=n 



This is interesting because, since qk > -Ffc, we get that 



! -V , 1 "•■ I 1 "•■ I +OO 

EI <V 1 log qk < lo s Ffc 

q k - F k ' q k ~ F k ' 

k — n k—n k—n k—n 

+ 00 +00 . 

M n := (log 7 -) 2 JL + (r - 2) ^ ^ (33 ) 

k—n k—n 

we see that 7f 7 , T C K* Mn) := {x G R/Z : '° S ° fc fc+1 < M„}. For s G Q 7 , T let V s 

be the corresponding connected component of (R/Z) \ K„ hT , A s be the diamond over V s , 
D s := exp # (A s ) and C 7 , T = C \ U s gQ 7 T -D s . We then have that C 7lT is contained in the set 
of C 00 -regularity CT Mn y 

The following geometrical lemma is useful to settle both (a) and (b) of Proposition 1151 

Lemma 17 iei to > 2, ao G £>C(to,7o), Ao = e 2?rlc * . £et Q be a closed set satisfying 
(1) Q n S 1 = {Ao}; 

(ii) there exist /io > stic/i that dist(A,S 1 ) > /io|A — A | 2 VA G Q. 

Then for any fixed r > 2ro there exists 7 G (0,70) such that, defining (M n ) as in (|33|) so that 
("a',) Q C K^. T C C* Mn) ; 

(Vj there exists fi > suc/i i/iarf dist(C, Q) > A t 7o<7 _2T ° V£ G dD p , q , (p/q G Q 7 ,t). 

Proof [lemma] Let us consider Qo ~ Q f] {z : \z — Ao| < 1/2} and Qi := Q {z : \z — Ao| > 
1/2}, we shall prove that (a) and (b) hold on both the closed sets Qo and Qi and hence hold on 
Q as well. Of course, in the case of Qi there is no problem: since Qi nS 1 =0 the points of Qi 
are bounded away from S 1 and both (a) and (b) hold provided that 7 and p, are small enough. 
As far as Qo is concerned, we observe that the logarithm is well defined on {z : \z — Ao| < 1/2} 
and it has a bounded distorsion property, therefore wecan check both (a) and (b) for Qo just 
proving the following statement: 

If n'o > and Q' := {a : Ssa > p' \z — olo\ 2 , SRa < tt/6} there exist 7,// > such 
that dist(£,Q') > fi'-yiq- 2 ^ V£ G dA p/q ,p/q G Q 7 , T . 

This is readily checked because, if £ 6 dA p / q is fixed and a(£) is the nearest point in Q' we 
have that |a(£) — £| > \a(£) — p/q\ — |£ — p/g| ; on the other hand we have that 

HO-PM > C \^ a \ > C/J,' \a-p/q\ 2 > (Cv'ol 2 o)q- 2T ° 

while 



therefore setting 



\£-p/q\<2^==yq- T = 0(q- T ) 
VI + K 



q.e.d. 



Let us point out that by means of the same argument used in the proof of the last lemma 
we also get 

I Ao - C| > M70<r T ° V< G dD p/q , (p/q G Q 7 ,t). 
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5.2 Proof of Gevrey regularity 



By (a') of Lemma [T71 we get that, if r > 2ro, it is possible to choose 7 such that A+ U A - C 
Kf tT C C?M n ) nence H is C^ ; (A+ U A~,7i°°(Dp)) in particular H admits a Taylor expansion 
at Aq. We shall set 



R N (H, A, Ac) := H(X, \ d l H ( x °> 0(A - x o) J 
3=0 ■ ? ' 

so that Rn(H, ■, A ) :A + UA^ H DO (D p ). We point out that, setting 

N-l 

R N (h k ,X,Xo) := MA) - -4 ( A o)(A- A ) J , 



we can write 

-f 00 

Rn(H, A, A )(V) = ^ #Jv(ftk, A, Ao)/ (34) 

Let us recall that, by Cauchy formula, 

R N (h k ,X,X )= J2 -hi j aD (C _ x ( $(( - A) (A ~ Xo)NdC 

where Q 1)T ,k = Qj,t H Q*. Moreover, if A G A + U A - and £ G with s = p/g g Qj,r,k 
then 

|ft*(C)l<^fc, K-Aol >M7o|9|" TO and |C - A| > M7oM" 2t ° 
so we get the bound 

\R N (h k ,X,Xo)\<(v 10 r N - 2 k (N+2)TO H k ±- V f |dC||A- Aol" 



8D S 

3M ,fc 



The sum on the right hand side of the last formula is bounded by a constant (independent from 
k and N) moreover, since we have chosen p < po, we can fix Ci such that k 2r "Hkp k < C\e~ k . 
Thus, summing up on k, we get 

+00 / +00 \ 

||Riv(H,A,Ao)|| <J2\R n (h k ,X,X )\p k < Ciifijo)-" {j2 kNT ° e ~ k l A ~ X °\" 

h=l \fc=0 / 

where C2 is a suitable constant. Since 

+°° r+00 

YVe~ fe < / t l3 e- t dt+(f3/ef <2F(l+ (3) 

k=0 Jo 

the thesis follows. q.e.d. 



6 Appendix A. Arithmetical tools and Brjuno series 



Let us recall some notation and elementary facts about classical continued fractions. We 
refer the reader to [6] and [8] for more details. Continued fractions are obtained by coding 
the orbits of real numbers under the iteration of the Gauss map Q : (0, 1) 1— > [0, 1] defined 
by Q{x) — {a; -1 } = a; -1 — [a; -1 ] where [x] and {x} respectively denote the integer and the 
fractional part of x. This map is piecewise analytic with inverse branches T n (x) — jjtj, 

T n — Q~ 1 on the interval ^^qrf, ^j- Given x 6 R \ Q we set xo = x — [x] , ao = [x] , then 
one obviously has x = ao + xo- We now define inductively for all n > x n +l = G(x n ), 
On+l = [Xn 1 ] > 1, thus x n = Ta n+1 (x n +i ) . Therefore we have 

x = a + T ai (xi) = ... = a +T ai o ... o T an (x„) = ao H ^ . 

ai H 

1 

a 2 + '• H 
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We will use the short notation x — [oo,ai, . . . , a», . . .] for the infinite fraction. The nth- 
convergent is then the rational number corresponding to the finite fraction — = [do, ax, ■ ■ ■ , a n ]- 
The numerators p n and denominators q n are recursively determined for all n > by 

p n = a n p n ~i + Pn~2 , q n = a n q n -i + q-n-2 , 

with the initial conditions p~i — q~2 ~ 1 , p-2 = g-i = 0. Note that q n p n -i — J>n?n-i = 

For all n > one also has 

Pn T" Pn — l^n Qn Pn 



q n +qn-lX„ qn-lX—pn-! 

thus for all k > and for all x G K \ Q one has ^ < s < £2*±i. 

It is not difficult to show that for all x G R \ Q and for all n > 1 one has q n > 5 

0o = This implies that the series J^feLo '°g g,i an d SfeLo ^ are a l wa y s convergent and 

that their sum is uniformly bounded. 

For all integers k > 1, the iteration of the Gauss map k times leads to the following partition 
of (0, 1); U ai> ... >ak I(0, 01, . . . , a k ), where G N, i = 1, . . . , k, and 

T ,„ s ( P2k P2fc+P2fc-l\ Tin \ f P2k + 1 + P2k P2k+1 

1(0, 01, ... , a 2fc ) = , ■ , 1(0, at,..., a 2fc+ i) = ■ , 

\q2k 12k + l2k-\ / \92fc+l+92fc ?2fc+l 

• (35) 

These are the intervals corresponding to the branches of Q k : they are determined by the 
fact that all points x G 1(0, 01, . . . , a*,) have the first k + 1 partial quotients exactly equal to 
{0, 01, ... , a fe }. Thus 

/(0,ai,...,a*) = fxe(0,l) I x= P k +P"-^ ,, 6 (0,i; 

Note that ^ = ( g w )2 is positive (negative) if fc is even (odd). It is immediate to check 

that any rational number p/q G (0, 1), (p, q) = 1, is the endpoint of exactly two branches of 
the iterated Gauss map. Indeed p/q can be written as p/q = [0, ax, . . . , ajg] with k > 1 and 
at > 2 in a unique way and it is the left (right) endpoint of 1(0, ax, ... ,5k) a nd the right (left) 
endpoint of 1(0, ai, . . . , Ofe — 1, 1) if k is even (odd). 

The cylinders I(ao, ajv) — ao + 1(0, ax, ajv) form a partition of the whole real line as 
ao varies in Z and (ax, ■ ■ ■ , a n ) G N n . 

7 Appendix B. C 1 -holomorphic and C°°-holomorphic 
functions 



Let (B, || ||) be a complex Banach space. In this appendix we recall the definition of C 1 - 
holomorphic and C°°-holomorphic functions as they are given respectively in [7] and |13| . We 
follow quite closely Section 2 of |10] to which we refer for a more detailed discussion. 

Let C be a compact subset of C or of P 1 C. If C C C, a continuous function / : C — > B is 
said to be C 1 -holomorphic if there exists a continuous map : C — > B such that 

VA G C, Ve > 0, 3S > / VAi,A 2 GC, |Ai - A| < 5, |A 2 - A| < <5 

=> l|/(Aa) - /(Ai) - / (1) (Ai)(A 2 - Ai)|| < e|Ai 

This definition extends in an obvious way to the case C C P C by means of the standard 
complex coordinates charts. 

The above definition makes use of the generalization of the notion of smoothness of a 
function to a closed set due to Whitney [18] . Notice however that p 1 ' is a complex derivative: 
Bf = 0, df = and / is holomorphic in the interior of C. 

The space C^ o; (C, B) becomes a Banach space by taking as norm 

infill ( ii^mii ii*(i)mii ||/(A2)-/(A 1 )-/ (1) (Ai)(A 2 -A 1 )|| ^ 
Ill/Ill = max sup ||/(A)|| , sup ||/ y ' (\)\\ , sup ^ — '- y —f- — ^ ^ 
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Let 1Z(C, B) denote the uniform algebra of continuous functions from C to B which are 
uniformly approximated by rational functions with all the poles outside C. A very important 
property of the space C^ ol (C, B) is that it is a linear subspace of TZ(C, B). This fact allows to 
prove that functions in C^ oi (C, B) share some of the properties of holomorphic functions. If 
{Ui)i>\ denote the connected components of P J C \ C, assuming that each dUi is a piecewise 
smooth Jordan curve and $^£>i lengtli(0J7e) < +00, Cauchy's theorem holds: 

00 ~ 

W /(A)dA = 0. 

£— 1 J dU t 

This is very easy to see: since / g 1Z(C,B), one can approximate / by a sequence (rk)k£N 
of B-valued rational functions with poles off C. Cauchy's theorem applies to these rational 
functions and one can pass to the limit because the convergence is uniform. Moreover, at all 
points A 6 C such that 

Cauchy's formula also holds: 

One can also define higher order derivatives by means of Cauchy's formula, but in order 
to do so one needs further assumptions on A (namely Y2iLi J'au f |c-a["+ 1 ^ *° obtain a 
derivative of order n). 

A function / : C — * B is said to be C°°-holomorphic if there exist an infinite sequence 
of continuous functions (/ )ngN : C —> B (the "n-th complex derivative of /") such that 
/ (0) = / and, for all n, m > 0, the function i?("' m ) defined by 

m f(n+h)(\ \ 

has the following property: 

VAg C, Ve > 0, JS >0/VAi,A a G C, |Ai-A| < S, |A 2 -A| < 5 ||i? (n ' m) (A i; A 2 )|| < e|Ai-A 2 | 

The space of C°°-holomorphic B-valued functions on a compact set is a Frechet space. We 
stress once more that the derivatives are taken in a complex sense, thus <9/ (n) = for all 
n £ N. The functions are some generalized "weak complex derivatives for /"; clearly / 
must be analytic in the interior of C and 

Vn,meN, VAeint(C), / (n+m) (A) = cT/ (n) (A). 



Let (Cj)jgN be a monotonic non-decreasing sequence of compact subsets of P J C The 
associated space of B-valued monogenic functions is defined to be the projective limit 

X((C i ), J B) = hmCL(C JI B). 

The restrictions C^ ;(Cj+i, B) — > Cl_ i(Cj , B) are continuous linear operators between Ba- 
nach spaces, thus A / I((C J ), B) is a Frechet space with seminorms || . || c i ( C . S j. 

The above definition is inspired by the work of Borel [2] (see also [7], p. 81). Borel consid- 
ered the case B = C and wanted to extend the notions of holomorphic function and analytic 
continuation. Borel's idea was to allow monogenic continuation through natural boundaries 
of analyticity by selecting points at which the function is C hor holomorphic. If the function 
is moreover C^ r holomorphic at such a point, the question of quasianalyticity may be raised: 
Is the function determined by its Taylor series? Such a uniqueness property could depend on 
the choice of the sequence (Cj) which defines the monogenic class (and not only on the union 
of the Cj's), and the Cauchy formula could help to establish it. 

Unfortunately this strong form of quasianalyticity is not true in general spaces of monogenic 
functions unless some rather restrictive assumptions are made (see, e.g. , [19]). However 
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it is proved in pT that it is quite a general property that the spaces of C 1 -holomorphic 
functions (and also of monogenic functions) which appear in linearization problems have a 
weaker quasianalyticity property, namely their functions cannot vanish on a set of positive 
1-dimensional Hausdorff measure without being identically equal to zero. This provides an 
example of generalized analytic continuation (for a comprehensive discussion of generalized 
analytic continuations other than Borel's theory see [14]). 

The notion of B-valued monogenic function is well adapted to linear small denomina- 
tor problems, as the cohomological equation considered in [TD] but it is useless in nonlinear 
problems since one cannot fix a target Banach space if one wants the increasing sequence of 
compact sets to include all points on the unit circle verifying the Brjuno condition. Indeed 
the radius of convergence of the linearization is, in general, also bounded above in terms of 
the exponential of minus the Brjuno function as first proved by Yoccoz [16]. For this rea- 
son we introduce the notion of monogenic function with values in C{z}: suppose (Cj)j^m is 
a monotonic non-decreasing sequence of compact subsets of P X C and consider the increas- 
ing sequence of Banach spaces 'H 00 (D rj . ) associated to a monotonic non- increasing sequence 
of radii rj — > 0. Consider the Banach space Be = Cq =0 C\ o i(Cj,'H a ° (p> rj )) with the norm 
= max <j<£ ||/|| c i (c . W ocfB ))■ Clearly the injections it : Be <—* B t -\ are bounded 
linear operators between Banach spaces with norms ||i^|| < 1. The projective limit of the 
system of Banach spaces 

is the space of monogenic functions with values in the holomorphic germs C{z}. It is a Frechet 
space with the seminorms || • \\b ( . Thus, as a set, M((Cj), C{z}) consists of all the functions 
which are defined in C = U-,gN Cj and such that, for every j G N, the restriction f\c j belongs 
to C hol (Cj, H.°° (D rj . )). This space, being the projective limit of the Banach spaces Be, may 
depend on the increasing sequence (Cj) and on the decreasing sequnce rj (rather than on the 
set C only). 
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